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1. Answer any three from the following : 5x3=15
(a) Define polynomial ring and prove that if

D is an integral domain, then D[x] is
also an integral domain.

(b) Let F be a field. Then prove f.hat F[x]is
principal ideal domain.
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(c)

(2)

State division algorithm for F[x] and

- find the -quotient and remamder upon

(d

2. Answer any three from the following :

(a)

(b)

(c)

(d)

24p/889

d1v1d1ng Fix)=3x* +x3 +2x2 41 by
g(x) = x2 +4x+2_where f(x) and g(x)
belong to Z5[x].

State Eisenstein’s criterion on
irreducibility. And prove that, in an
integral domain, every prime is
irreducible. :

I

l

>

Il

Prove that if-F is a field, then Fx] is
Euclidean domain.

Prove that every ideal of Euclidean
domain is principal ideal. -

Prove that every principal ideal domain

‘is unique factorization domain.

Show that the ring
Z[E1={a+b~/3|a, be Z}

is an integral domain but not a unique
factorization domain.

( Continued )

5x3=15

(3)

3. Answer any three frem the following : - 6x3=18

(a)

(b)

(c)

(d)

Let V be an n-dimensional vector
space over the field F and let
B={a;,049,..,0,} be a basis for V.
Let B’ ={f}, fa, .-, fn} be the dual basis
of B. Then prove that— :

(i) for each linear functlonal f on V,
f= Zf(a ) fis

=1

(i) for eachvectorainV,o =Y f;(@a;.
i=1

Find the dual basis of the basis set
B= {(19 —2’ 3)’ (1’ "1’ 1)’ (2’ _4’ 7)}
of V3(R).

Let Wl and 'Wzv' be‘subs'paces of a finite
dimensional vector space V. Then prove
that— ‘

0 (W +Wy) =W Wy ;
#) (WA Wy) =Wy +W,.

‘ Find the minimal polynOmial of the real
matrix [? (1)] ‘Also, show that minimal

| polynomxal of a matrix .,or of a‘ linear
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operator is unique.
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(4)

4. (a) Show that the space generated by (1, 1, 1)
“and (1, 2,1) is an invariant subspace of
R® under T, where

Ty z)=(x+y-2z x+y x+y-2) 3
. 1 2],
(b) Prove that the matrix A =[0 1] is not
diagonalizable over the field C. 4

Or

Find all complex eigenvalues and eigen-
spaces of the matrix

18

ol

A=

© O =
O =

1
1
o1

5. (a) If « and B are vectors in an inner
product space V(F) and a be F, then
~ prove that—

() |ao+bB[* =|af*|a|? +ab (e B)
+a@b(B «)+|b[* B[

(i) Re(o, B)=3]a+B]? -3 -B". 5

(b) If a and B are vectors in a real inner
product space and if |a|=[B, then
prove that o - and o +f are orthogonal
and interpret the result geometrically. _

3+2=5
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6.

()

(a)

(b)
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(5)

Given the basis (2,0,1), (3,-15) and
(0, 4, 2) for V;3(R). Construct from it by
the Gram-Schmidt process an ortho-
normal basis relative to the standard
inner product space.

Or
Let V be a.-finite dimensibnal inner
product space and let {ay,05,...,0,} be

an orthonormal basis for V. Show that
for any vectors a,Be V,

©B) = 3@ 0 ) Bag)
- k=1

If T is skew, does it follow that so is 727

What about T3? 1+1=2

—~

Answer any two from the following :

4x2=8

() Let V be the vector space V, (C) with
the standard inner product. Let T
be the linear operator defined by

T(L0)=(1, -2), T(0,1)=(j -1)
If a =(q b), then find T"a.
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(6)

(ii) Prove that a linear transformation E
is an orthogonal projection if and
only if E=E% =E".

(i) Prove that a necessary and
sufficient condition that a self-
adjoint linear transformation T on

an inner product space V be 0 is
that (To, a) =0, Va e V.
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