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1. (@) Define an integral domain with an
example. 1+1=2

(b) Let R be aring with unity 1. Show that

-Ya=-a=a(-1), Vae R 2
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(2)
(c) Prove that a field has no proper ideals. 3

(d) Prove that in a finite commutative ring
with unity, every prime ideal is
maximal. 3

() Answer any two of the following
questions : : 5x2=10

ff

(i) Let R be the ring of 2 x2 matrices
having the elements as real
numbers. Then show that the set of
matrices of the type

0 a
0 b
with a and b as real numbers is a

subring of R. Give an example of a
subring which is not an ideal.

(@) Let R be a commutative ring with
unity and S be an ideal of R. Show

that g is an integral domain if and

only if S is prime.
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(3)

(i) Show that each pair of elements in
a principal ideal domain has the
greatest common divisor.

2. (a) Define kernel of a homomorphism. 1

(b) Let Cbe the ring of complex numbers. Is
the map f:C — C such that

flx+iyy=x-iy

where x and y are reals, a ring
homomorphism? Justify. 2

() LetRand R’be two rings and f: R — R’
be a ring homomorphism. Show that—

(i) f(0)=0’, where O is zero element of
R and 0’ is zero element of R’

(@) f(-a)=-f(a, Vae R 2+2=4

(d) Determine all ring homomorphisms
from Z to Z where Z is the ring of
integers. ( 3
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(4)

(e) State and prove the first theorem of

isomorphism. S
Or
If S is an ideal of a ring R and T is any
subring of R, then show that
Skl
S ~SnT
3. (a) Define a vector space. 2
(b) Prove that a subset of a linearly
independent set is linearly independent. 2
(c) Does the set {L11), (2 3),@ L 1)}
form a basis for R3? Justify. 3
(d) Let W be a subspace of R* spanned by
{(11 _Z 5: _3): (23 3; 17 -4)7 (3: 8’ _31 _5)}
Find a basis and dimension of W. 8
(e} Let W; and W, be two subspéces of V.
Then show that
dim (W) + W) =dim W] +dim W, —dim(W; n W,) 5
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(S)

Or

Let V be a vector space of n-dimension
and W be a subspace of V. Show that
any basis {W;, W, ---, W} of W can be
extended to a basis {V}, V,, -, V;} of V
such that V; =W,, V1<i<k.

4. (a) What is the range space of a linear
transformation? 1

(b) Prove that the map T:R3 » R defined
by

“

Ty 9=y, Vixy 2R3

is a linear map. 2

() Consider the map T:R3 - R3 defined
by

Tty 2=(x+y y+3 z+x), Vi y 7eR®

Show that T is one-one and onto. 2

(d) Find ImT and kerT, where T is a map.
T:R3® 5 R3 defined by
T(x 4 29 =(x+2Yy-3 y+2z x+y-22), V(s y e R3
3+2=5
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(6)

S. Answer any fdur of the following questions :
5x4=20

(@) Let V and W be two finite dimensional
vector space, over a field F. Show that V

and W are isomorphic if and only if

dim (V) = dim(W)
(b) LetT:R3 - R3 be a linear map defined

by

ifl

Ty 2=(x+3 x-3 Y, (x y JeR3

Prove that Tis invertible and find T7!.

(c) LetV and W be two vector spaces over a
field F, and let T:V —> W be linear.
Show that T7' : W = V is linear if T is

invertible.

(d Let T:R® 5R?2 and S:R?2 5R? be

linear and
T(x y 2 =(@x 3y, -22
and  S(x Yy =(-2x Y
Find ST.

( Continued )
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(e) Let

(7))

By ={ 0), O, 1)}

and Bz o {(1: 2), (2: 3)}
be two bases of R2. Find the transition

matrix P from basis f, to basis f;.

(f) Let Vand W be two vector spaces and
T:V — W be a linear map. Show that

dimV =rank T +nullity T

(9) Let $:R?2 5 R? be such that

0% Y=(x-y x+y) (x YeR?
and ¢ be linear. Prove that ¢ is an

isomorphism.
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