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MATHEMATICS

( Generic Elective )

Full Marks : 80
Pass Marks : 32

Time : 3 hours

The figures in the margin indicate full marks
Jor the questions

All symbols have their usual meanings

Paper : GE—4.1
( Algebra )
UNIT—1

1. (a) State True or False : 1

Addition of natural numbers in binary
composition is not associative.

(b) Find the elements of U(20). 1

(c) Show that the subset {1, -1, i, -i} of
the complex numbers is an Abelian
group under complex multiplication. S
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(2)

Prove that in a  group G,
@)t =bla’}, for all aq beG.

Prove that a group in which every
element is its own ‘inverse is Abelian.

Define quaternion group.

Describe the symmetries of an
isosceles triangle.

Prove that the set of matrices

[cosa —-sin oc]
a —3

sino. cosa

where a is a real number, forms a group
under matrix multiplication.

Or

Prove that every permutation of a finite
set can be written as a product of disjoint
cycles.

Prove that the order of a cyclic group
is equal to the order of its generator.

Or

Show that {1, 2, 3} under multiplication
modulo 4 is not a group but that
{1, 2, 3, 4} under multiplication modulo
5 is a group.

( Continued )

(3)
. UNIT—2
3. (a) State True'or False :
"Order of a cyclic group is not equal to the
order of its generator. .
(b) Write all the left cosets of H in G if
G=S3; and H={1, (13)}.
(c) Prove that a non-empty subset H of a
group G is a subgroup of G iff
a be H=>ableH.
(d) Show that the centre of a group G is
a subgroup of G.
Or
Prove that a subgroup of a cyclic group
is cyclic.
4. (a) Prove that every subgroup of an
Abelian group is normal.
(b) State and prove Lagrange’s theorem.
(c) Prove that every quotient group of a
cyclic group is cyclic.
24P/1326
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(4)

(d) Prove that if p is a prime number,

5. (a)

(b)

()

(d)
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then any group G of order 2p has a
normal subgroup of order p.

Or

Let G be a group and let H be a normal
subgroup of G. Prove that the set
G/H ={ah:ae G} is a group under the
operation (aH)(bH) = abH.

UNIT—3

Define zero divisor.

State True or False :

A commutative ring R is called an
integral domain if R has zero divisor.

Prove that the- sét R={0,1 2, 3, 4, 5} is
a commutative ring with respect to
addition and multiplication modulo 6
as the two-ring composition.

Prove that a ring R is without zero
divisor if and only if the cancellation
laws hold in R.

Or

Prove that every field is an integral
domain.

( Continued )

(S)

6. (a) Define division ring.

(b) Show that a ring of order p?> (p is a
prime) may not be commutative.

(c Show that the set of numbers of the
form a+bV2, with a and b ashrational
numbers, is a field.

(d) Show that, a non-empty subset S of
a ring R is a subring of R iff
X, YeS=>xy, x-Yy€ S.»

Oor
Show that a commutative ring with unity
is a field if it has no proper ideal.
24P/1326
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Paper : GE—4.2
'( Application of Algebra )

Answer any two of the following questions :

(@)

(b)
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[RET, V, ndl (& 4F1 o1 S e
D=V xr KB A& @ V&
- WS, 1 < k <m. (SR’ (RS
@ D (TR (mb, 1, k, \) &6 ¢co VA @bl
BIBD, ¥’

Let V be a set of m elements, and let
D =V'%) be the set of all subsets of V
having k elements, 1 < k <m. Then show
that D is a BIBD on V with parameters

(m b, 1, k, A), where
m m-1 m-2
(e r-tesp-(2)

MM (v, br, kA gF" TS 96 BIBDI
HR¥Y AT (OB T4 TIAIR AT F41 ¢

If there exists a BIBD with parameters
(v, b r, k, A), then prove the following :

(i) vr=>bk
(@) rk-1)=Mv-1)
(i) b>r>A

6x2=12
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3. ©o ReFw Wi s Tew fam -

Answer any two of the following questions :

(c)

(a)

(b)
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{2eF, A b1 BIBDI 3pest s | =@
o 3 A AAT 1 SRR A6E |
Let A be the incidence matrix of a BIBD.

Then prove that AAT is a non-singular
matrix.

M S={,24}, (7, 3, 1) 4=R OT°
QR # Z; ={0,1,2 3, 4,5, 6)3 =KX
IS A, (9@ BIBDER A5 F411

Find the BIBDs determined by the
difference set S = {1, 2, 4} in the additive
group Z;={0,1,2234,56} with
parameter (7, 3, 1).

° §%31 /Or

fagre @BRS Iga’ 113 WRech Ay 741 o<
R a[1 WS BIBD ¢b1 %9 31 |

Find the set of quadratic residues
modulo 11, and construct the symmetric
BIBD determined by it.

(a) @RSF, C PN (T 4 OO &b ¥’ H

t=[——d2‘1], S e ST s-——d;. o3 .

a9 FM A—

4

6x2=12
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Let C be a code with minimum distance
d Let t= [%] denote the greatest

integer < %_—1 Then prove that—

(i) O GRS 39 F"WE TIRR d - 1t
W@ IR I,

Ccan detect up to d -1 errors in any
transmitted codeword;

(i) Ot GFB I 3" PIRR £oAT A
IR MG |

C can detect up to t errors in any -

transmitted codeword.

(b) <O MG T &, Hamfr, g) (2R PN 07

39 e <o e 3T

Prove that Ham(r, g) is a perfect code
with minimum distance 3.

() R ST SRE il | 2SR, G LarR LIRS

[n, k-3 C3 @1 (SR Gl 1| o8 am
I @ C 91 T I8 %7 WM @ g
o(G;)e C - == =1 GI G;7 TA |

Define cyclic code. Let G be a generator
matrix of a linear [n, k}-code C. Then

prove that Cis a cyclic code if and only if
6(G;) e C for each row G, of G.

( Turn Over)

(9)

4. E;® (10, 8]-3"s 3 e 07 el =Rvw1 31
@l B s Ry 391, ¥

Find the minimum distance of the [10, 8] -code
C over i, with parity-check matrix H, where

(@)

()

)
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(1111111111
123456780910

[REF, o, feS, 9O Rfgn Rarr 1 o
29 T @ of =Pa.

Let o, B& S, be disjoint permutations.
Then prove that aff = fa.

aﬁw'd%wemmfﬂamﬁﬁmva
ot forar 1

Write a short note on thc action of a
group on a set.

e Sererracht Sy wE o 40 1
State and prove Polya’s theorem.

%1 /Or

oo MY R eI s WA Cay
T [, () Refa F11

Find the generating function J4q () for the
non-isomorphic graphs on four vertices.

{ Continued )



6. (a)

(b)

(c)
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Q) = 31c12 +2x§ + x% +4x,x5 +4X5X3
offos ofRfit = 7 7=, ~Rrw ¥
Check whether

Qx) = 3x12 +2x3 + xg +4x1x5 +4xyX3

is positive definite or not.

xTx =1 o8 AT
Q(x) =9x12 +4x2 +3x§?

SIS S S T T 7401
Find the maximum and minimum values
of Q(x) =9x2 +4x2 +3x2 subject to the

constraint x’x =1.

[qRGF, A (TR AT [ OTS mxrd @6

A= B RS\ @ ©° mxn @G,

D 0 —
2=[0 o] UqMWF, T© DS ST (AN

—

9% 51 A 3% TH 0, 20, 2206, >0;
HF mxm LRAAT @AGH U 9F nxn
s AG® VAT A=UZVT.,

Let A be an mxn matrix with rank r.
Then show that there exists an mxn

D O
matrix Y = [ o 0] for which the diagonal

entries in D are the first r singular values
of A 0,20,2206,>0, and there

{ Turn Over )

7. (@

(b)
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exists an m x m orthogonal matrix U and
an nxn orthogonal matrix V such that
A=UZVT.

Ax = IR f3-@R_3 smiyw Sferean

0 -3]

T A=

T

OO0 OO = -
O = = O O

- = 0O O O
N

0

Find a least squares solution of Ax=>b
for

g ] [-3]

o

and b=

P b b b et ek

O O O O = =
OO+~ 1= OO

- = O O O

R EEd ¥-Ritwm afiem w e s
TR @R 99 90
Use row-reduction algorithm to reduce

the following matrix into row-reduced
echelon form :

0 3 -6 6 4 -5
3 -7 8 -5 8 9
3 -9 12 -9 6 15

( Continued )
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(9)

(b)
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Paper : GE—4.3

( Combinatorial Mathematics )

Find °P,. , 1
State the principle of inclusion. 1
A student has 3 pens and 2 pencils.

In how many ways can he take a pen
and pencil? 2

How many 2-digit numbers can be
formed using 3, 4, 5, 6, 7? 2

For a set of six true or false
questions, find the number of ways of
answering all questions. 2

Find the number of distinguishable
words that can be formed from the

letters of MADAM. 2
Show that "C,="C,_,. 2
Write the principle of pigeonhole. 2

How many integers between 1 and
300 are

(i) divisible by 3 or 5;
(i) divisible by 3, but not by 5 or 6?
2+2=4

( Turn Over )

(13 )

() Let A and B be subsets of a finite
universal set U. Then show that

|A +B|=|AHBHAN B|
Or

Show that if any five numbers from 1

to 8 are chosen, then two of them will
add to 9.

3. (a) Define a generating® function.
(b) Find a generating function to count
the number of integral solutions to

e +te; +e3 =10 if for each i, ¢; 20.

() Answer any two questions of the

following : 4x2=8

() Show that the exponential
generating function for the
sequence (1, 1-3,1-3-5,1-3:5-7,:-)

3

is(l-2x 2.
(i) Find the binomial génerating
function for the sequence

a:l’z’s’...’r’ vee

(i) Find the sequences corresponding
to the ordinary generating functions
B+x3, 3x3 +e?*)and 2x2(1-x7".

24P/1326
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4. (a)

(b)

()

(d

5. (a)

(b)

()

(d

24P/1326

(14)

Write about a recurrence relation. 1

Solve the recurrence relation

a, =a,_; +3 with q; =2. 2

Find the solution to the recurrence

relation

a, =6a,_; -1la,_, +6a,_3

with initial conditions ay =2, @) =5 and

a2 =15. 3

Find the explicit formula for the

Fibonacci number. 4

Or

Find all solutions of the recurrence

relation a,, =5a,_, -6a, _o +7".

Write the number of partitions of 5. 1

Find the ordinary generating function

of the sequence <C[r+n-1, n-1)>,,4. 2

Find the coefficient of x’ in

L+x+x2 +--)15, 3

Find the number of positive integral

solutions to the equation x+y+2z=10. 6
( Turn Over )

6. (a)

(b)

()

7. (@)

(b)
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Or

Find the values of the extended binomial
coefficients

N
(2)=(3
3 3
Determine the cycle index of the
alternative group A(n).
Show that there are precisely 17824
distinguishable under rotations)
vertex colourings of the regular
dodecahedron using 1 or 2 colours.
Find the number of distinguishable
necklaces consisting of 7 stones of
which 2 stones are red, 3 stones are
blue, 2 stones are green when both

rotational and reflectional symmetries
are considered.

What do you mean by a symmetric
BIBD?

Illustrate the procedure for the group
of subsets of X={aq b} under the
symmetric difference.

Or

Find the number of (rotationally) distinct
ways of painting the faces of a cube using
6 colours, so that each face is of different
colours.

( Continued )
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(c) Prove that, in case of a symmetric
BIBD, any two blocks have A
treatment in common. 6

Or

Find how many different necklaces
having 10 beads can be formed using
2 different kinds of beads, if (i) both
flips and rotations and (ii) rotations only
considered.
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