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1. (a) Give an example of a ring that has no
unity. 1

(b) Show that the ring

M2={{a zJ:a,b,c,deZ}

(&

* under matrix addition and

multiplication is not an integral
domain. Pt 3
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(c) Prove that every non-zero element of 2. () Defiie 'ring homomorphism. Give an

Z, is a unit or a zero divisor. 3 example. =0
or :
; (b) Let Rand S be two rings and f:R—> S
Let p be a prime. Show that Z, is a be a ring homomorphism. Prove that
field. AN : f(=a)=-f(a), VaeR. 2

(d) Answer any two of the following : 4x2=8 )
— Prove that the characteristic of an (Opiss f:.R e b? P RE emomerpniem
— integral domain is O or a prime. from ring R to ring S. Show that the set

(ii) ‘Let R be a commutative ring with " kerf={xeR: f(x)=0}
unity. Let I be an ideal of R. Show 3 1 '
is an ideal of R. 3
that T is an integral domain if
and only if I is a prime ideal. (d) Answer any two of the following : 4x2=8
(iii) Let R be a ring and S be a non- : (i) Determine all ring homomorphisms
empty subset of R. If S is closed from Z to Z.
under subtraction and multi- Lot Ra e e rh s e ROt

plication, then show that S is a

subring of R. that the map f:Z — R defined by

(e) Show that the ideal (x) is a prime in fln)=ne VneZ
Z[x] but not maximal in Z[x]. 4+1=5 is a ring homomorphism.
(i) Let R and S be two rings and

Ry ! fi:R—>S be a ring homo-
Let R be a commutative ring with unity morphism. Show that
and I be an ideal of R. Show that I is .

Or

R

R
maximal if and only if o is a field. 5
ker f

= f(R)
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3. (a) Let L be alinein R?, and the origin is - , Or
not on L. Is L a subspace of R?? 1 Let V be a vector space and
S={v,..-,Vpy €V and H =span {v, ..., Up}

Let one vector in S say v, be a linear
combination of the remaining vectors

(b) Show that the set

0 ? 9 . in S. Show that the set S - {v,} spans H .
ER -1)°(3) (6 4. (a) Let T:R?>—R? be a linear map such
:—tls not linearly independent in R3. 2 that
-Tx=0_1[x,v[xelk2
(c) Let H and K be two subspaces of a ] 1 0)\y y
vector space V. Show that the sum ;
R A ) Find the image of (_1] under T. 1
is a subspace of V. 3 (b) Show that the map T': R3® - R® defined
(d) Let o
x x x
ose T|y|=| y|. V|y|eR®
A=| 0 1 2 z -2 z
-136 is a linear map. 2
Find a basis for col A. 3 (o) LeEeT R? - R? be a map defined by
(e) Let V be a finite-dimensional vector T[x}z[x+y } v [x)e]RQ
space and H be a subspace of V. Prove Yrn\xerd Y
that dim H <dim V. 6 Find ker T and range of T. 141=2
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(d) Let T:R? — R? be the linear map that
rotates each point in R? about the
origin through an angle 6, with counter-
clockwise rotation for a positive angle.

Find the standard matrix for T 3

(e) ___’;gswer any three of the following :

[

= 4x3=12
() Let T:V—>W be a linear map
from finite-dimensional vector

space V to W. Show that
dim V = rank T +nullity T .

(ii) Consider the bases

{03 =)

fOrR Find the change of
coordinate matrix from B to C.

(iii) Let T:R? — R® be the linear map

defined by
. 3x+y -
T[ J: Sx+7y |, V(xJE]RQ
Y x+3y Y ,

Find the standard matrix for T.
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(iv) De:ﬁne a basis for a vector space V.
Let B={b,...,b,} be a basis for V.
Let xeV. Show that 3 unique

scalars cy,...,c, such that

x=cb+...+c b,
() Answer any two of the following : 5x2=10

(i) Let V. and W be two vector spaces
and T:V >W be a linear map.
Show that T is one-one if and only
if kerT={0}. '

(ii) Let V and W be vector spaces and
let dimV=n,dimW=m. Let B
and C be ordered bases for V and
W respectively. Let T:V > W be a

linear map. Find the matrix for T
relative to B and C.

(iii) Let V and W be vector spaces and
T:V —-> W be a linear map. If T is
invertible, then show that the

inverse function T ': W >V is a

linear map.

* & K
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