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1. (@) Let H={1), (12)’}; Is H abelian? 1

(b) Define commutator subgroup and
pha.racteristic subgroup. 2+2=4

(c) Prove that if G is a éyclic group, then
AutG is abelian. 3

(d) Let G be a cyclic group of inifinite order.
Then prove that O(AutG)=2. 3

(e} Prove that a group G is abelian if and
only if Iz is the only inner
automorphism. o _ 3
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2. Answer any two 6f the following :

Let G be a group, then prove that
f:G—> G defined by f(x)=x7!, VxeG

- is automorphism if and only if G is

abelian.

(a) Let I(G) be the set of all inner

(b)

(c)

(d)
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automorphisms on a group G, then
prove that—

(i) I(G)is noritial subgioup of AutG;
.. G .

IG) =z —. S
(@ I(G) Z2q

Let G be a cyclic group generated by a
and O(G)=n>1, then prove that a
homomorphism f:G-G “is an
automorphism if and only if G = < f(a) >.
Let G be a gi'oup and G’ be the

commutator subgroup of G, then prove
that—

() G’ is normal subgroup of G;

G . .
ii) — is abelian;
(ii) G

’

(ii) if N is any normal subgroup of G,
then G/N is abelian if and only if
G'c N.

Let G be group and Z(G) be the centre

of G, then prove that if G cyclic,
- 2(Q)

then G is abelian.

4

6x2=12

( Continued )

3. (a)

()

G, ® Gy, ® - ®G, ={g1, g2, **» Gn): 9; € G;} .

(3)

Define internal direct product.

Let G, Gy, -+, G, be a finite collection of
groups such that

then prove that

(91> 92, -» Gn)| =1em(lgy), Igal, -+, 19n )

()

(d)

(e)
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If s and t are relatively prime, then prove
that U(st) = U(s) ® U(t).

S'upposev that a group is an internal
direct product of its subgroups H and K.
Then prove that—

() H and K have only the identity
element .in common;
(ii) G is isomorphic to the external
direct product of H by K.
Or

Prove that a group G is internal direct
product of its subgroups H and K if and
only if— ' ‘
() H and K are normal subgroups
of G, -
(i) HNK = {e}.

If m divides the order of a finite abelian
group G, then prove that G has a
subgroup of order m.
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(4)

Or
Let G be a finite abelian group of order
p"m, where p is prime and
pjm, then prove that G=HXxK

" where H={xeG:xP" =¢} and

4. (a)

()
©

(d)

(e)
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K={xeG:x™ =¢€}.

Write the class equation for the group G.

Define sylow p-subgroup and conjugacy

class. 2+2=4 '

If |G| = p2, where D is prime, then prove
that G is abelian. :

Let G be a finite group and Z(G) be the
centre of G. Then prove that

| ¢ - . o ' .
O(G) =0(2(G) + &mm%

Ariswer any two of the following : 4x2=8

() Let G be a group. Then prove that
O(Cd) =1 if and only if ae Z(G).

(ij Prove that evefy abelian grotip of
order 6 is cyclic.

(i) Prove that & group of order 12 has
a formal sylow p-subgroup or
sylow 3-subgroup.

{ Continued )

(5)
() Prove that no group of order’ 30 is
simple. - . 5
i ' or

Prove that a sylow p-subgroup of a group
G is normal if and only if it is the only
| o sylow p-subgroup of G.

(g) Suppose that G is a finite group and
P|O(G) where p is a prime number, then
prove that there is an element a in
G such that O(q@) = p. 6

Or

Let G be a group of finite order and
p be a prime number. If p™|O(G) and

p™*110(G), then prove that G has
subgroup of order p™.

* &k
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